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Abstract
The reducible Ka¨hler coset space G/S ⊗ {U(1)}k is discussed in
a geometrical approach. We derive the formula which expresses the
Riemann curvature of the reducible Ka¨hler coset space in terms of its
Killing vectors. The formula manifests the group structure of G. On
the basis of this formula we establish an algebraic method to evaluate
the four-fermi coupling of the supersymmetric non-linear σ-model on
G/S ⊗ {U(1)}k at the low-energy limit. As an application we consider
the supersymmetric non-linear σ-model on E7/SU(5) ⊗ {U(1)}3 which
contains the three families of 10 + 5∗ + 1 of SU(5) as the pseudo NG
fermions. The four-fermi coupling constants among diffferent families
of the fermions are explicitly given at the low-energy limit.
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1 Introduction
The non-linear σ-model on a coset space G/H is a low-energy effective theory
of the Nambu-Goldstone(NG) bosons generated when a large group symmetry
G at high energy spontaneously breaks into a small one at low energy[1]. If
the supersymmetry exists at that high energy and if it survives in the spon-
taneous breaking, the NG bosons are accompanied by superpartners, called
the pseudo NG fermions. They are described by the supersymmetric non-
linear σ-model on a coset space G/H which is ka¨hlerian[2]. In the begin-
ning of the 80’s Buchmu¨ller, Love, Peccei and Yanagida proposed to iden-
tify the massless pseudo NG fermions with light quarks and leptons and used
the supersymmetric non-linear σ-model as a low-energy effective theory for
the grand unification[3][4]. Recently in ref. [5] this idea was revived to ex-
plain the neutrino mass observed in the SuperKamiokande experiment. They
proposed the supersymmetric non-linear σ-model on the Ka¨hler coset space
E7/SU(5)⊗ {U(1)}3 as a thoery which naturally accomodates the three fam-
ilies of right-handed neutrinos. Namely the model contains three families of
10 + 5∗ + 1 and 5 of SU(5) as the NG supermultiplet (φα, ψα). Interactions
among the pseudo NG fermions take place through the four-fermi coupling
Rασβδ(
φ
f
, φ¯
f
)(ψ¯σψα)(ψ¯δψβ)
in which Rασβδ is the Riemann curvature of the coset space and f is a constant
giving a mass scale. It is phenomelogically the most interesting part of the
model. The aim of this paper is to establish a practical method to calculate
the Riemann curvature of E7/SU(5)⊗ {U(1)}3.
E7/SU(5)⊗{U(1)}3 is a fairly complicated coset space. The complication
comes in twofold. Firstly the coset space is reducible[6]. One can calculate
the holomorphic Killing vectors and the Ka¨hler potential of the reducible coset
space. But they take more cumbersome forms than those of the irreducible
coset space. Secondly the homogeneous group includes plural U(1)s as direct
products. In such a case the complex structure of the Ka¨hler coset space is not
unique and the metric depends on as many free parameters as U(1)s. These
subjects on the reducible Ka¨hler coset space were extensively studied by the
Kyoto group in ref. [7][8]. The general method to construct the Ka¨hler poten-
tial of the reducible coset space was given. The Riemann curvature may be
calculated by differentiating that Ka¨hler potential by coordinates, in principle.
But it is too involved.
In this paper we employ an alternative formalism to do this more directly,
which was proposed in ref. [9]. It is based on the Killing potentials instead of
the Ka¨hler potential, which are also characteristic for the Ka¨hler coset space
G/H [10]. In ref.[9] the formalism was developed for the irreducible case, and
the Riemann curvature was given in terms of the holomorphic Killing vectors
with no derivative by coordinates. (See eq. (4.14).) Once given a concrete form
of the holomorphic Killing vectors, one can directly calculate the Riemann
curvature by that formula. In this paper we extend this formalism to study
the reducible Ka¨hler coset space along the same line. We will be particularly
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interested in the Riemann curvature at the low-energy limit f → ∞, i.e.,
Rασβδ(0, 0). It gives the four-fermi coupling constants at low energy, which
depend on as many free parameters as U(1)s of the homogeneous subgroup.
Knowing the dependence explicitly is very interesting from the phenomelogical
point of view.
In Section 2 we summarize the geometry of the Ka¨hler coset space G/H . In
Section 3 we briefly explain the generalized CCWZ formalism[7][8]. It enables
us to construct the holomorphic Killing vectors, the metric and the Ka¨hler
potential for the reducible case. In Section 4 the alternative formalism based
on the Killing potentials is presented which allows us to calculate the metric
and the Riemann curvature more directly. We first of all review the formal-
ism which was developed for the irreducible case[9]. Then it will be extended
to the reducible case. We derive the general formula which expresses the
Riemann curvature of the reducible Ka¨hler coset space in terms of the holo-
morphic Killing vectors.(See eq. (4.32).) In Section 5 the Riemann curvatures
of SU(3)/{U(1)}2 and E7/SU(5)⊗{U(1)}3 are evaluated to the leading order
of 1
f
by this general formula.
2 The geometry of the Ka¨hler manifold
In this section we briefly review on the Ka¨hler manifold, giving our notation.
Consider a real 2N -dimensional Riemann manifold M with local coordinates
φa = (φ1, φ2, · · · · · · , φ2N). The line element of the manifold is given by
ds2 = gabdφ
adφb. (2.1)
M is a Ka¨hler manifold if it is endowed with a complex structure which is
covariantly constant:
Jab;c = 0, (2.2)
and satisfies JabJ
b
c = −δac . We assume the metric gab to be of type (1, 1), i.e.,
gab = gcdJ
c
aJ
d
b. (2.3)
(A tensor of more general type (r, s) will be discussed soon later.) The sym-
plectic structure Jab is given by Jab = gacJ
c
b. By (2.2) it is closed:
Jab,c + Jbc,a + Jca,b = 0. (2.4)
When the Ka¨hler manifold is a coset space G/H , there is a set of Killing
vectors
RAa = (R1a, R2a, · · · · · · , RDa), (2.5)
with D = dim G , which represents the isometry G. They satisfy
LRARBa = RAbRBa,b −RB bRAa,b = fABCRCa (2.6)
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(Isometry),
LRAgab = RAcgab,c +RAc,agcb +RAc,bgca = 0 (2.7)
(Killing condition),
LRAJab = RAcJab,c −RAa,cJcb +RAc,bJac = 0, (2.8)
in which LRA is the Lie-derivative with respect to RA, and fABC are structure
constants of the isometry group G.
Any vector va can be projected onto the (1, 0) and (0, 1) types by
1
2
(1− iJ)abvb,
1
2
(1 + iJ)abv
b. (2.9)
A tensor of the (r, s) type is obtained as a multi-product of these projected
vectors. We may locally set the complex structure to be
Jab =


−iδαβ 0
0 iδα
β

 , (2.10)
with α, α = 1, 2, · · · , N. Then the respective vectors in (2.9) may be written as
N -dimensional complex vectors vα and vα. The line element (2.1) is written
as
ds2 = gαβdφ
αdφβ,
by (2.3). The closure of the symplectic structure given by (2.4) reads
gαβ¯,γ = gγβ¯,α, gαβ¯,γ¯ = gαγ¯,β¯. (2.11)
Then it follows that there exists a real scalar K(φ, φ¯), called Ka¨hler potential
such that
gαβ¯ = K,αβ¯. (2.12)
Furthermore (2.8) and (2.10) imply that the Killing vectors are holomorphic:
RAβ,α = 0, R
Aβ
,α = 0. (2.13)
Then (2.6) and (2.7) reduce respectively to
LRARBα = RAβRBα,β −RB βRAα,β = fABCRCα, (2.14)
c.c.,
and
LRAgαβ = RAα,β +RAβ,α = 0, (2.15)
with RAα = gαβR
Aβ and RAα = gβαR
Aβ. From (2.15) we may find real scalars
MA(φ, φ¯), called Killing potentials[10], such that
RAα = iM
A
,α, R
A
α = −iMAα. (2.16)
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As shown in ref.[10], they transform as the adjoint representation of the group
G by the Lie-variation
LRAMB = RAαMB,α +RAαMB,α = fABCMC . (2.17)
A manipulation of (2.17) with (2.16) leads us to write the Killing potentials in
terms of the Killing vectors[9][11] :
MA = − iNadj f
ABCRBαRCβgαβ.
Here we have used the normalization
fABCfABD = 2NadjδCD. (2.18)
These Killing potentials characterize the Ka¨hler manifold no less than the
Ka¨hler potential, if it is a coset space G/H .
3 The CCWZ formalism
In this section we will explain how to construct the holomorphic Killing vectors
RAα, the metric gαβ and the Ka¨hler potential K, which essentially characterize
the Ka¨hler coset space G/H . When the Ka¨hler coset space G/H is irreducible,
they can be constructed case by case in heuristic ways[4][12]. But for the
reducible case we need a systematic method. It was given by generalizing
the CCWZ formalism [1] by the Kyoto group[7][8]. We briefly sketch this
generalized CCWZ formalism.
3.1 The holomorphic Killing vectors
We assume the isometry group G is compact and semi-simple. If a coset
space G/H is ka¨hlerian , the unbroken subgroup H contains U(1) groups as
H = S ⊗ {U(1)}k, k = 1, 2, · · · , n, according to the Borel theorem[13]. The
generators TA of G are decomposed as
{TA} = {Xa, SI , Qµ}, a = 1, 2, · · · , 2N(= dim G− dim H),
I = 1, 2, · · · , dim S(= dim H − k),
µ = 1, 2, · · · , k, (3.1)
in which SI and Qµ are generators of S and U(1)s respectively, while Xa
broken generators. Let us define a central charge as
Y =
k∑
µ=1
vµQµ ≡ v ·Q, (3.2)
by choosing real coefficients vµ such that all the broken generators Xa have
non-vanishing Y -charges. Then the broken generators Xa can be splitted into
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two parts: the generators X i with positive Y -charge and their hermitian con-
jugates X i with negtaive charge, i, i = 1, 2, · · · , N . (3.1) is further decomposed
as
{TA} = {X i, X i, SI , Qµ}. (3.3)
The splitting of the broken generators determines the complex structure Jab of
the Ka¨hler coset space G/H . But the splitting is not unique depending on the
definition of the central charge (3.2). It implies arbitrariness of the complex
structure of the coset space.
For the decompostion (3.3) the standard application of the CCWZ for-
malism does not give the holomorphic Killing vectors RAα satisfying the Lie-
algebra (2.14). Hence we extend the isometry group G to the complex one Gc
and consider a coset space Gc/Hˆ with the complex subgroup Hˆ generated by
X i, SI , Qµ[14]. As explicitly given later, there is an isomorphism between this
complex coset space Gc/Hˆ and G/H :
G/H ∼= Gc/Hˆ. (3.4)
The holomorphic Killing vectors are obtained by applying the CCWZ formal-
ism to the complex coset space Gc/Hˆ. The coset space Gc/Hˆ is parametrized
by complex coordinates φα, α = 1, 2, · · · , N corresponding to the broken gen-
erators X i. Consider a holomorphic quantity
ξ(φ) = eφ·X¯ ∈ Gc/Hˆ (3.5)
with 1
φ ·X i = φ1X1 + φ2X2 + · · ·φNXN .
For an element g of the isometry group G, i.e., g = eiǫ
ATA ∈ G with real
parameters ǫA, there exists a compensator hˆ(φ, φ¯, g) ∈ Hˆ such that
gξ(φ) = ξ(φ′)hˆ(φ, φ¯, g). (3.6)
This defines a holomorphic transformation of the coordinates φα which realizes
the isometry group non-linearly. When the real parameters ǫA are infinitesimal,
(3.6) yields the holomorphic Killing vectors RAα(φ) as
δφ = φ′α(φ)− φα = ǫARAα(φ), (3.7)
which satisfy the Lie-algebra (2.14).
3.2 The metric
Any two points on the coset space G/H can be related by the isometry trans-
formation (3.6). Therefore the line element (2.1) has the same length at any
point of the coset space
gab(φ
′, φ¯′)dφ′adφ′b = gab(φ, φ¯)dφ
adφb. (3.8)
1(3.5) should have been written as ξ(φ) = exp( 1
f
φ · X¯) with the mass scale parameter f .
But it is hereinafter set to be one to avoid unnecessary complication.
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On the other hand the line element is invariant under general coordinate trans-
formations:
gab(φ, φ¯)dφ
adφb = g′ab(φ
′, φ¯′)dφ′adφ′b. (3.9)
(3.8) and(3.9) require that
gab(φ
′, φ¯′) = g′ab(φ
′, φ¯′) (3.10)
which gives the Killing condition (2.7) in the infinitesimal form.
To construct the metric gab which satisfy the condition (3.10) we have
recourse to the CCWZ formalism. Consider a quantity
U(φ, φ¯) ∈ G/H, (3.11)
with U †U = UU † = 1. But the standard parametrization of U , i.e, U(φ, φ¯) =
eφ·X¯+φ¯·X does not give the metric of the type (1,1). Therefore we employ the
non-standard one, namely
U(φ, φ¯) = ξ(φ)ζ(φ, φ¯), (3.12)
in which ξ(φ) is the element (3.5), while ζ(φ, φ¯) an element of Hˆ . We para-
metrize the latter as
ζ(φ, φ¯) = ea(φ,φ¯)·Xeb(φ,φ¯)·Sec(φ,φ¯)·Q, (3.13)
with
a ·X =
N∑
i=1
aiX i, b · S =
dimH−k∑
I=1
bISI .
Here the function b(φ, φ¯) and c(φ, φ¯) are chosen to be real since their purely
imaginary parts can be absorbed into an element of H . Then the parametriza-
tion (3.13) is determined by the unitary condition U †U = 1 which reads
ξ†(φ¯)ξ(φ) = e−a¯(φ,φ¯)·X¯e−2b(φ,φ¯)·Se−2c(φ,φ¯)·Y e−a(φ,φ¯)·X .
(3.12) is an concrete expression of the isomorphism (3.4) relating the respective
elements (3.5) and (3.11) of the coset spaces G/H and Gc/Hˆ .
The fundamental object to construct the metric gαβ is the Cartan-Maurer
1-form
ω = U−1dU
= eiX i + eiX i + ωISI + ωµQµ, (3.14)
with the 1-forms ei(φ, φ¯), ei(φ, φ¯), ωI(φ, φ¯) and ωµ(φ, φ¯) as coefficients of the
expansion. In particular ei(φ, φ¯) takes the form
ei = eiαdφ
α,
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with no dφα, as can be seen from the parametrization (3.12). ei(φ, φ¯) is its
complex conjugate. The components eiα and e
i
α are vielbeins of the local frame
of the coset space. From this it follows that
gαβ = gα¯β¯ = 0,
gαβ¯ = gβ¯α =
N∑
i=1
yi(v)e
i
αe
i
β
, (3.15)
where yi(v) is the positive Y -charge (3.2) of the broken generator X
i[7]:
[Y,X i] = −yi(v)X i, [Y,X i] = yi(v)X i. (3.16)
By the transformation (3.6) U transforms as
gU(φ, φ¯) = U(φ′, φ¯′)h(φ, φ¯, g), (3.17)
with a compensator h ∈ H [8]. Then ei transform homogeneously as
ei(φ′, φ¯′) = ρij(h(φ, φ¯, g), g)ej(φ, φ¯), (3.18)
in which ρij(h, g) is the N -dimensional representation of the subgroup H . Con-
sequently the metric (3.15) satifies the transformation property (3.8) under
(3.6) or equivalently (3.17). Furthermore (3.16) guarantees the closure prop-
erty of the metric (2.11)[7]. If the Ka¨hler coset space G/H is reducible, the
broken generators X i are decomposed into irreducible sets under the subgroup
H , each of which may have a different Y -charge due to the Schur’s Lemma.
It can be also shown[7][8] that one can write the metric (3.15) as (2.12)
with the Ka¨hler potential
K(φ, φ¯) =
k∑
µ=1
vµcµ(φ, φ¯), (3.19)
where cµ are the functions appearing in the parametrization (3.13) and vµ are
the coefficients defining the Y -charge (3.2).
4 The Riemann curvature
The Riemann curvature of the Ka¨hler manifold is given by
Rασβδ = gησΓ
η
αβ,δ
(4.1)
= gασ,βδ − gκλgαλ,βgκσ,δ.
To obtain it explicitly we have to compute the metric gαβ in the first place. It
may be done with (3.15) by calculating the vielbeins eiα or with (2.12) by cal-
culating the Ka¨hler potential (3.19). Either calculation is already complicated.
It is further complicated to take the derivative gασ,βδ to obtain the Riemann
curvature. Hence in this section we will study a method which enables us to
calculate the Riemann curvature in a more direct way.
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4.1 The irreducible case[9]
When the Ka¨hler manifold G/H is irreducible, all the broken generators X i
have the same Y -charge y(v)(> 0). Then the metric (3.15) becomes simple:
gαβ = y(v)
N∑
i=1
eiαe
i
β
, (4.2)
the value of which at the origin of the manifold is
gαβ |
φ=φ¯=0
= y(v)δαβ. (4.3)
It was the Killing condition (2.14) that allows us to write the metric in the
form of (4.2). The Killing condition can be satisfied also by giving the metric
in terms of the Killing vectors (2.5): gαβ ∝ RAαRAβ . Fixing the free parameter
by the initial condition (4.3) we then have
gαβ =
1
y(v)
RAαRAβ, (4.4)
which should be equivalent to the metric given by (4.2). Here we have used
RAα |
φ=0
= iδAα, RAα |
φ=0
= −iδAα, (4.5)
which are obvious by the construction in Subsection 3.1. For other components
of the metric we have
gαβ = RAαRAβ = 0, gαβ = RAαRAβ = 0. (4.6)
With (4.4) the Affine connection becomes
Γ ηαβ = g
ησgασ,β = −gησ,βgασ
= − 1
y(v)
RAβR
Aη
,α = −
1
y(v)
RAαR
Aη
,β. (4.7)
by using the property (2.11). Putting this into (4.1) we have
Rασβδ = gησ(−
1
y(v)
RA
β,δ
RAη,α)
= gησ(− 1
y(v)
RA
β,δ
RAη ;α)
= − 1
y(v)
RA
β,δ
RAσ,α. (4.8)
The second equality is due to
RAβR
Aη = y(v)δηβ, (4.9)
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following from (4.4). Multiplying the Lie-algebra (2.14) by RAγ or R
Aγ yields
RBβ;γ =
1
y(v)
fABCRCβRAγ (4.10)
owing to (4.7), or
− RBαRAγRAβ,α = fABCRCβRAγ. (4.11)
The former is rewritten as
RB
β,γ
=
1
y(v)
fABCRC
β
RAγ, (4.12)
while the latter becomes
fABCRCβRAγ = 0, (4.13)
because we have
RAγRAβ,α = R
AγRAβ;α = g
βηRAγRAη,α
= −gβηRAγRAα,η = 0,
due to (4.6), (2.15) and (4.9). With (4.12) the Riemann curvature (4.8) takes
the form
Rασβδ =
1
y(v)3
fABERAαR
B
σ · fCDERCβRDδ (4.14)
= Rβσαδ.
The last equality follows from the symmetry of the Affine connection (4.7), or
directly from the Jacobi identity of the structure constants
− fADCfBCE + fBDCfACE = fABCfCDE, (4.15)
and (4.13). Contrary to (4.1) this manifests the isometry G and includes no
derivative with respect to the coordinates. By using it the Riemann curvature
can be calculated algebraically, once given a concrete form of the Killing vectors
RAα which are proper to the Ka¨hler manifold G/H . Thus (4.14) gives a more
practical formula than (4.1) for physical applications.
4.2 The reducible case
When the Ka¨hler manifold G/H is reducible, the broken generators X i are
decomposed into irreducible sets under the subgroup H . Each irreducible set
has a different Y -charge. The metric (3.15) satisfies the initial condition
10
gαβ |
φ=φ¯=0
= gβα |
φ=φ¯=0
=


y1(v) 0y2(v)
·
·
0 yN(v)


. (4.16)
Therefore the formula (4.4) is no longer correct in this case. We have to
generalize the whole arguments in the previous subsection.
First of all, with U given by (3.12) and a real symmetric matrix P we define
the quantity
∆ = UPU−1
in the adjoint representation of the isometry group G. By (3.17) it transforms
as
∆(φ′φ¯′) = g∆(φ, φ¯)g−1,
or equivalently
LRA∆ = i[TA, ∆], (4.17)
if P satisfies
hPh−1 = P. (4.18)
With this ∆ the metric gab is found as a solution to the Killing condition (2.7)
gab = gba = RAa∆ABRBb ≡ Ra∆Rb. (4.19)
In the complex basis it reads
gαβ = gβα = Rα∆Rβ,
gαβ = Rα∆Rβ, (4.20)
gαβ = Rα∆Rβ.
We now assume the real symmetric matrix P to have non-vanishing elements
only in the diagonal blocks corresponding to the broken generators Xa =
(X i, X i) such that
P ij = P ji =


y1(v)
−1
0y2(v)−1
·
·
0 yN(v)−1


. (4.21)
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Then P satisfies (4.18) because the diagonal elements are decomposed into
irreducible sets under the subgroup H by the Y -charge. Evaluate these metrics
in (4.20) at the origin of the coset space by (4.5) and (4.21). We find that they
all satisfy the same initial conditions as the metrics given in (3.15). Thus both
metrics are equivalent2, and we have
Rα∆Rβ = 0, Rα∆Rβ = 0. (4.22)
This generalization of the metric requires to modify the formula (4.7)∼
(4.14) in the previous subsection. Rewrite (4.20) as
Rα∆Rβ = δ
α
β , R
α∆Rβ = δ
α
β
,
Rα∆Rβ = 0, R
α∆Rβ = 0, (4.23)
using (4.22). Differentiate them by the coordinates to find
Rα(∆Rβ),γ = 0, Rα(∆Rβ),γ = 0, (4.24)
Rα(∆Rβ),γ = 0, Rα(∆Rβ),γ = 0. (4.25)
With the metric (4.20) the Affine connection (4.7) changes the form as
Γ γαβ = Rα,β∆R
γ = −Rα(∆Rγ),β ,
owing to (4.23) and (4.24). Then the Riemann curvature becomes
R γ
α βδ
= Γ γ
αβ,δ
= −[Rα,δ(∆Rγ),β +Rα(∆Rγ),βδ]
= −[(Rα∆),δRγ,β + (Rα∆,β),δRγ ]. (4.26)
By (4.24) and (2.15) the first piece changes the form as
(Rα∆),δR
γ
,β = (Rα∆),δR
γ
;β
= gγσ(Rα∆),δRσ,β
= −gγσ(Rα∆),δRβ,σ.
By means of the formulae (A.7) in the Appendix A it becomes
(Rα∆),δR
γ
,β = g
γσ{(Rα∆),δRη · Rσ∆,ηRβ
+ fABC(Rα∆)
A
,δ
(Rσ∆)
BRCβ}. (4.27)
2The equivalence is alternatively stated as
ea = (RαUP )
adφα + (RαUP )
adφα,
with ea = (ei, ei) defined by the Cartan-Maurer 1-form (3.14). Namely both sides have the
same Lie-derivatives with respect to RAa and the same values at the origin of the coset
space. The author is indebted to T. Kugo for the discusion on this comment
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On the other hand the second piece of (4.26) is calculated as
(Rα∆,β),δR
γ = gγσ{fABC(Rα∆)A ,δRBβ(Rσ∆)C
+fABC(Rα∆)
ARB
β,δ
(Rσ∆)
C (4.28)
+fABC(Rα∆)
ARBβ(Rσ∆,δ)
C},
by means of (A.10). Putting (4.27) and (4.28) together into (4.26) we have
Rασβδ = −(Rα∆),δRη ·Rσ∆,ηRβ
− fABC(Rα∆)ARBβ,δ(Rσ∆)C (4.29)
− fABC(Rα∆)ARBβ(Rσ∆,δ)C .
Calculate the first piece further as
(Rα∆),δR
η · Rσ∆,ηRβ = (Rα∆),δRρ · gρη · Rσ∆,ηRβ
= Rα∆Rδ,ρ · gρη · Rσ∆,ηRβ
= −Rα∆,ρRδ · gρη · Rσ∆,ηRβ , (4.30)
in which the second equality is obtained by (4.22) and (2.15), while the third
one by (4.24). Rewrite the last piece of (4.29) as
fABC(Rα∆)
ARBβ(Rσ∆,δ)
C = Rα∆,βRη · Rσ∆,δRη, (4.31)
by (A.8). By means of (A.7), (A.9) and (A.10) the Riemann curvature (4.29)
turns out to be
Rασβδ = f
ABC(Rα∆)
A(Rδ∆)
BRCη · fDEF (Rσ∆)D(Rβ∆)ERFη
+ fABC(Rα∆)
A(Rσ∆)
BRCη · fDEF (Rδ∆)D(Rβ∆)ERFη
+ fABC(Rα∆)
A(Rσ∆)
B · fCDERDβ(Rδ∆)E
− fABC(Rα∆)ARBβ(Rη∆)C · fDEF (Rσ∆)DREδ(Rη∆)F . (4.32)
This is the generalization of (4.14). If one replaces ∆AB by 1
y(v)
δAB, then
(4.32) reduces to (4.14) due to the formula (4.13) which is only valid for the
irreducible case. At this final stage it is worth showing the symmetry property
Rασβδ = Rβσαδ = Rαδβσ, (4.33)
as a consistency check of our calculations. The demonstration will be given in
Appendix B. There we also show that the formula (4.32) takes an alternative
form such that
Rασβδ = f
ABC(Rα∆)
A(Rδ∆)
BRCη · fDEF (Rσ∆)D(Rβ∆)ERFη
+ fABC(Rβ∆)
A(Rδ∆)
BRCη · fDEF (Rσ∆)D(Rα∆)ERFη
+ fABC(Rα∆)
A(Rσ∆)
B · fCDE(R β∆)DREδ
− fABC(Rα∆)ARBβ(Rη∆)C · fDEF (Rσ∆)DREδ(Rη∆)F .
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5 Applications
In the N = 1 supersymmetric non-linear σ-model on the Ka¨hler coset space
G/H , the four-fermi coupling is the most interesting part. When the coset
space is reducible, the Riemann curvature depends on the Y -charge of the
broken generators through the metric (3.15). It takes the form (4.32) which
is rather complicated than that of the irreducible coset space. On top of this
complication we have another one, if the homogeneous subgroup H contains
plural U(1)s as H = H ′ ⊗ {U(1)}k. Namely, the splitting of the broken gen-
erators X i and X i depends on the constants vµ of the Y -charge (3.2), so that
we may have different sets of the NG bosons[8] . Of course a phenomelogically
interesting set should be chosen. Then the four-fermi coupling depends on the
Y -charges of the broken generators X i in a piculiar way to the choice. It is
very interesting from the phenomelogical point of view.
As has been explained in the introduction, the most important part of the
four-fermi coupling is
Rασβδ |
φ=φ¯=0
(ψ¯σψα)(ψ¯δψβ) (5.1)
in the non-linear σ-model as a low-energy effective theory. We shall present a
systematic method to evaluate the four-fermi coupling constants Rασβδ |φ=φ¯=0
by means of (4.32). The method will enable us to fully controle the Y -charge
dependence of Rασβδ |φ=φ¯=0.
By (4.5) and (4.21) we note at first that
RAα |
φ=φ¯=0
= −iyα(v)δAα , RAα |
φ=φ¯=0
= iyα(v)δ
A
α .
and
(Rα∆)
A |
φ=φ¯=0
= −iδAα , (Rα∆)A = −
i
yα(v)
δαA
(Rα∆)
A |
φ=φ¯=0
= iδAα , (R
α∆)A =
i
yα(v)
δαA
By using this (4.32) becomes
Rασβδ |
φ=φ¯=0
= −
N∑
η=1
(fαδη · fβση + fαση · fβδη)yη(v)
+ [
N∑
η=1
(fαση · fβδη + fαση · fβδη)yβ(v) +
dimH∑
C=I,µ
fασC · fβδCyβ(v)]
−
N∑
η=1
fαβη · fσδη yβ(v)yδ(v)
yη(v)
. (5.2)
Each piece of (5.2) can be computed by means of
fABCfCDE = − 1
2N tr([T
A, TB][TD, TE]), (5.3)
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with the normalization tr(TATB) = 2N δAB. The Riemann curvature appears
with the indices α, σ, β, δ of the three types:
y([T α, T σ]) > 0, y([T β, T δ]) < 0, (5.4)
y([T α, T σ]) < 0, y([T β, T δ]) > 0, (5.5)
y([T α, T σ]) = 0, y([T β, T δ]) = 0, (5.6)
in which y([ , ]) is the Y -charge of the commutator. (4.32) reads
Rασβδ |
φ=φ¯=0
=
N∑
η=1
fαση · fβδη yβ(v)
−
N∑
η=1
[fαδη · fβση yη(v) + fαβη · fσδη yβ(v)yδ(v)
yη(v)
] (5.7)
for the case (5.4),
Rασβδ |
φ=φ¯=0
=
N∑
η=1
fαση · fβδη (yβ(v) − yη(v))
−
N∑
η=1
[fαδη · fβσηyη(v) + fαβη · fσδη yβ(v)yδ(v)
yη(v)
] (5.8)
for the case (5.5), and
Rασβδ |
φ=φ¯=0
=
dimH∑
C=I,µ
fασC · fβδC yβ(v)
−
N∑
η=1
[fαδη · fβση yη(v) + fαβη · fσδη yβ(v)yδ(v)
yη(v)
] (5.9)
for the case (5.6). (5.7) can be alternatively obtained by applying the symme-
try property (4.33) to (5.8).
5.1 SU(3)/{U(1)}2
We start with the most simplest reducible coset space SU(3)/{U(1)}2 to illus-
trate our basic strategy. The generators of SU(3) are
{TA} = {T 12 , T 13 , T 23 , T 21 , T 31 , T 32 , Q, Q′},
with
Q = 1√
2
(T 11 − T 22 ), Q′ = −
√
3
2
T 33 , (5.10)
and the hermitian condition (T ij )
† = T ij . They satisfy the Lie-algebra
[T ji , T
l
k] = δ
j
kT
l
i − δliT jk .
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The quadratic Casimir takes the form
{T 12 , T 21 }+ {T 13 , T 31 }+ {T 23 , T 32 }+Q2 +Q′2 ,
from which we read the Killing metric δAB in (2.18). The U(1)-charges Q and
Q′ of the broken generators T ji (i 6= j) as well as their Y -charges
Y = vQ + v′Q′
are given in Table 1. By means of them the broken generators are splitted in
X i Q Q′ y(X i)
T 12 −
√
2 0 −√2v
T 13 − 1√2 −
√
3
2
− 1√
2
v −
√
3
2
v′
T 23
1√
2
−
√
3
2
1√
2
v −
√
3
2
v′
Table 1: U(1)-charges of X i in SU(3).
two parts: the generators X i with positive Y -charge and their hermitian con-
jugates X i with negative charge. For illustration we plot the broken generators
in the (Q,Q′)-charge plane in Figure 1. There are three possibilities to draw
the line : Y = 0,
✲
✻
•
T 21
•
T 12
•
T 31
•
T 23
•
T 32
•
T 13
0 Q
Q′
✟✟✟✟✟✟✟✟✟✟✟✟✟✟
II
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
I
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
✄
III
Figure 1: The splitting of the broken generators
each of which gives a different splitting:
I {X i} = {T 21 , T 31 , T 32 },
II {X i} = {T 31 , T 32 , T 12 },
III {X i} = {T 32 , T 12 , T 13 }.
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Taking the case I we proceed with the argument. With the identification
X1 = T 21 , X
2 = T 31 , X
3 = T 32 , Q = X
q, Q′ = Xq
′
, the non-trivial part of the
Lie-algebra reads
[X2, X3] = X1, [X3, X2] = X1,
[X1, X3] = X2, [X3, X1] = X2,
[X1, X2] = X3, [X2, X1] = X3,
[X1, X1] =
√
2Q,
[X2, X2] = 1√
2
Q+
√
3
2
Q′, (5.11)
[X3, X3] = − 1√
2
Q+
√
3
2
Q′,
[Xq, X1] =
√
2X1, [Xq
′
, X1] = 0,
[Xq, X2] = 1√
2
X2, [Xq
′
, X2] =
√
3
2
X2,
[Xq, X3] = − 1√
2
X3, [Xq
′
, X3] =
√
3
2
X3,
and their hermitian conjugates. The holomorphic Killing vectors RAα are easily
obtained by studying (3.6) in the fundamental representation:
R11 = i, R11 = −i(φ1)2 Rq1 = −√2iφ1,
R21 = 0, R21 = −iφ1(φ2 + 1
2
φ1φ3), Rq
′1 = 0,
R31 = 0, R31 = i(φ2 + 1
2
φ1φ3),
R12 = − i
2
φ3, R12 = − i
2
φ1(φ2 + 1
2
φ1φ3), Rq2 = − i√
2
φ2,
R22 = i, R22 = −i[(φ2)2 + 1
4
(φ1φ3)2], Rq
′2 = −
√
3
2
iφ2,
R32 = i√
2
φ1, R32 = − i
2
φ1(φ2 − 1
2
φ1φ3),
R13 = 0, R13 = −i(φ2 − 1
2
φ1φ3), Rq3 = i√
2
φ3,
R23 = 0, R23 = −iφ1(φ2 − 1
2
φ1φ3), Rq
′3 = −
√
3
2
iφ3,
R33 = i, R33 = −i(φ3)2,
The Riemann curvature Rασβδ |φ=φ¯=0(≡ Gασβδ), given by (5.2), is calculated
by using (5.3) with the commutators (5.11). The Riemann curvature of this
type appears in the coset space E7/SU(5) ⊗ {U(1)}3 which we will study in
the next subsection. The result is given in Tables 8 and 9 there.
5.2 E7/SU(5)⊗ {U(1)}3
The generators of E7 are decomposed as
{TA} = {Eabi , T ia, Ea, Eiab, T ai , Ea, T ba , T ji , T} (5.12)
in the basis of the subgroup SU(5)⊗ SU(3)⊗ U(1). Here a, b, · · · and i, j, · · ·
are indices of SU(5) and SU(3) running over 1 ∼ 5 and 1 ∼ 3 respectively.
They have SU(5)⊗ SU(3) quantum numbers
(10, 3∗), (5∗, 3), (5, 1), (10∗, 3), (5, 3∗), (5∗, 1), (24, 1), (1, 8), (1, 1),
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in the order of (5.12). The non-trivial part of the E7 algebra takes the
form[8][15]
[Eabi , E
cd
j ] = εijkε
abcdeT ke , [E
a , Ebcj ] = 0,
[T ia , E
bc
j ] = δ
i
j(δ
b
aE
c − δcaEb), [T ia , Eb ] = 0,
[Ea , Eb ] = 0,
[Eiab, E
cd
j ] = δ
i
j(δ
c
aT
d
b + δ
d
bT
c
a − δcbT da − δdaT cb )− δcdab(T ij +
√
2
15
δijT ),
[Ea , Eb ] =
√
6
5
δabT − T ab , (5.13)
[Ea , Eibc] = δ
a
cT
i
b − δabT ic ,
[T ia , T
b
j ] = −δbaT ij + δijT ba + 2
√
2
15
δijδ
b
aT,
[T ia , E
j
bc] = −12εijkεabcdeEdek ,
[T ia , Eb ] = −Eiab, h.c.,
with
ε∗ijk = ε
ijk, ε∗abcde = ε
abcde, δcdab = δ
c
aδ
d
b − δdaδcb .
In the basis of the smaller subgroup SU(5)⊗{U(1)}3 the generators are further
decomposed as
{TA} = {X i, X i, SI , Qµ}, (5.14)
with
{X i} = {Eabi , Ea, T ia, T ji (i > j)},
{X i} = {Eiab, Ea, T ai , T ji (i < j)},
{SI} = {T ba (
∑
aT
a
a = 0)}, (5.15)
{Qµ} = {T, Q, Q′}.
Here Q andQ′ are the U(1)s contained in SU(3) which was given by (5.10).
The quadratic Casimir takes the form
C =
1
2
{Eabi , Eiab}+ {T ai , T ia }+ {Ea , Ea }
+ {T 12 , T 21 }+ {T 13 , T 31 }+ {T 23 , T 32 }
+ {T ba , T ab }+ T 2 +Q2 +Q′2 .
{X i} and {X i} are broken generators of E7/SU(5) ⊗ {U(1)}3. In the su-
persymmetric model on E7/SU(5) ⊗ {U(1)}3 there are pseud NG fermions
corresponding to them. Among of them the pseud NG fermions having the
same SU(5)⊗SU(3) quantum numbers as Eabi , T ia and T ji (i > j) are identified
with the three families of quarks and leptons ψ
ab
i , ψ
i
a and ψ
j
i . The Y -charge
is made of the U(1) charges in {Qµ}:
Y = αT + βQ+ γQ′. (5.16)
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X i T Q Q′ y(X i)
Eab1 1
1√
2
1√
6
α+ 1√
2
β + 1√
6
γ
Eab2 1 − 1√2 1√6 α− 1√2β + 1√6γ
Eab3 1 0 −
√
2
3
α−
√
2
3
γ
T 1a 2 − 1√2 − 1√6 2α− 1√2β − 1√6γ
T 2a 2
1√
2
− 1√
6
2α+ 1√
2
β − 1√
6
γ
T 3a 2 0
√
2
3
2α +
√
2
3
γ
Ea 3 0 0 3α
T 12 0 −
√
2 0 −√2β
T 13 0 − 1√2 −
√
3
2
− 1√
2
β −
√
3
2
γ
T 23 0
1√
2
−
√
3
2
1√
2
β −
√
3
2
γ
Table 2: U(1)-charges of X i in E7.
These U(1)-charges are given in Table 3.
The splitting of the broken generators {X i} and {X i} changes according to
the orientation of the plane Y = 0 in the (T,Q,Q′)-charge space. The splitting
(5.15) is valid only when the vector coefficients (α, β, γ) are chosen such that
yi(v) ≡ Y (X i) > 0, for all i,
for instance,
α = 1, β < 0, γ < 0, |β| = |γ| << 1.
We proceed with the argument in this special splitting, since the pseud NG
fermions are then neatly identified with the three families of quarks and lep-
tons.
In the supersymmetric σ-model on E7/SU(5)⊗{U(1)}3 the Riemann curva-
ture Rασβδ is a SU(5)-covariant tensor. We shall be interested in the four-fermi
coupling of the three families of quarks and leptons alone. Then the relevant
part of the Riemann curvature appears with the SU(5)-content of the following
types:
Rασβδ |
φ=φ¯=0
≡ Gασβδ ∼


(5∗, 5 , 5∗, 5 ),
(10, 10∗, 10, 10∗),
(1, 1, 1, 1),
(5∗, 5, 10, 10∗), (10, 10∗, 5∗, 5),
(5, 10, 5∗, 10∗), (5∗, 10∗, 5, 10),
(1, 1, 5∗, 5), (5∗, 5, 1, 1),
(1, 5, 5∗, 1), (5∗, 1, 5, 1),
(1, 1, 10, 10∗), (10, 10∗, 1, 1),
(1, 10∗, 10, 1), (10, 1, 1, 10∗).
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We evaluate Gασβδ in components by means of (5.2) with (5.3) and (5.13).
(See Appendix C.) The results are summarized in Tables 3∼16 for six types
of the Riemann curvature
(5∗, 5 , 5∗, 5 ), (10, 10∗, 10, 10∗), (1, 1, 1, 1),
(5∗, 5, 10, 10∗), ( 1, 1, 5∗, 5), (1, 1, 10, 10∗).
Other types of the Riemann curvature are obtained by applying the symmetry
property (4.33) to these results.
(1
c
)(d
2
) (1
c
)(d
3
) (2
c
)(d
3
) (2
c
)(d
1
) (3
c
)(d
1
) (3
c
)(d
2
)
( 1
a
)( b
2
) 0 0 0 δbaδdcy(T 2c ) 0 0
( 1
a
)( b
3
) 0 0 0 0 δbaδdc y(T 3c ) 0
( 2
a
)( b
3
) 0 0 0 0 0 δbaδdc y(T 3c )
( 2
a
)( b
1
) δbaδdc y(T 2c ) 0 0 0 0 0
( 3
a
)( b
1
) 0 δbaδdc y(T 3c ) 0 0 0 0
( 3
a
)( b
2
) 0 0 δbaδdc y(T 3c ) 0 0 0
Table 3: The Riemann curvature G(
i
a
)( b
j
)( j
c
)(d
i
) of the type (5∗, 5, 5∗, 5) with
i 6= j.
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(1
c
)(d
1
) (2
c
)(d
2
) (3
c
)(d
3
)
( 1
a
)( b
1
) (δbaδdc+δdaδbc)y(T 1c ) δdaδbcy(T 2c ) δdaδbcy(T 3c )
( 2
a
)( b
2
) δdaδbcy(T 2c ) (δbaδdc+δdaδbc)y(T 2c ) δdaδbcy(T 3c )
( 3
a
)( b
3
) δdaδbcy(T 3c ) δdaδbcy(T 3c ) (δbaδdc+δdaδbc)y(T 3c )
Table 4: The Riemann curvature G(
i
a
)( b
i
)( j
c
)(d
j
) of the type (5∗, 5, 5∗, 5)
( ef
1
)( 2
gh
) ( ef
1
)( 3
gh
) ( ef
2
)( 3
gh
)
(ab
2
)( 1
cd
)
δab
cd
δ
ef
gh
y(Eef1 )
−δabef
cdgh
y(E
ef
1
)y(E
gh
2
)
y(T3e )
0 0
(ab
3
)( 1
cd
) 0
δab
cd
δ
ef
gh
y(Eef1 )
−δabef
cdgh
y(E
ef
1
)y(E
gh
3
)
y(T2e )
0
(ab
3
)( 2
cd
) 0 0
δab
cd
δ
ef
gh
y(Eef2 )
−δabef
cdgh
y(E
ef
2
)y(E
gh
3
)
y(T1e )
Table 5: The Riemann curvature G(
ab
j
)( i
cd
)( ef
i
)( j
gh
) of the type (10, 10∗, 10, 10∗)
with i < j.
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( ef
2
)( 1
gh
) ( ef
3
)( 1
gh
) ( ef
3
)( 2
gh
)
(ab
1
)( 2
cd
)
δab
cd
δ
ef
gh
y(Eef1 )
−δabef
cdgh
y(E
ef
2
)y(E
gh
1
)
y(T3e )
0 0
(ab
1
)( 3
cd
) 0
δab
cd
δ
ef
gh
y(Eef1 )
−δabef
cdgh
y(E
ef
3
)y(E
gh
1
)
y(T2e )
0
(ab
2
)( 3
cd
) 0 0
δab
cd
δ
ef
gh
y(Eef2 )
−δabef
cdgh
y(E
ef
3
)y(E
gh
2
)
y(T1e )
Table 6: The Riemann curvature G(
ab
j
)( i
cd
)( ef
i
)( j
gh
) of the type (10, 10∗, 10, 10∗)
with i > j.
( ef
1
)( 1
gh
) ( ef
2
)( 2
gh
) ( ef
3
)( 3
gh
)
(ab
1
)( 1
cd
) (δa b
c[h
δ
e f
g]d
+δa b
d[g
δ
e f
h]c
)y(Eef1 )
δab
gh
δ
ef
cd
y(Eef1 )
−δabef
cdgh
y(E
ef
2
)y(Eab
1
)
y(T3e )
δab
gh
δ
ef
cd
y(Eef1 )
−δabef
cdgh
y(E
ef
3
)y(Eab
1
)
y(T2e )
(ab
2
)( 2
cd
)
δab
gh
δ
ef
cd
y(Eef1 )
−δabef
cdgh
y(E
ef
1
)y(Eab
2
)
y(T3e )
(δa b
c[h
δ
e f
g]d
+δa b
d[g
δ
e f
h]c
)y(Eef2 )
δab
gh
δ
ef
cd
y(Eef2 )
−δabef
cdgh
y(E
ef
3
)y(Eab
2
)
y(T1e )
(ab
3
)( 3
cd
)
δab
gh
δ
ef
cd
y(Eef1 )
−δabef
cdgh
y(E
ef
1
)y(Eab
3
)
y(T2e )
δab
gh
δ
ef
cd
y(Eef2 )
−δabef
cdgh
y(E
ef
2
)y(Eab
3
)
y(T1e )
(δa b
c[h
δ
e f
g]d
+δa b
d[g
δ
e f
h]c
)y(Eef3 )
Table 7: The Riemann curvature G(
ab
i
)( i
cd
)( ef
k
)( k
gh
) of the type (10, 10∗, 10, 10∗).
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(1
2
)(3
1
) (1
3
)(2
1
) (1
3
)(3
2
) (2
3
)(3
1
) (1
2
)(3
2
) (2
3
)(2
1
)
(1
2
)(3
1
) 0 y(T 12 ) 0 0 0 0
(1
3
)(2
1
) y(T 12 ) 0 0 0 0 0
(1
3
)(3
2
) 0 0 0 y(T 23 ) 0 0
(2
3
)(3
1
) 0 0 y(T 23 ) 0 0 0
(1
2
)(3
2
) 0 0 0 0 0 −y(T 23 )y(T 12 )
y(T 13 )
(2
3
)(2
1
) 0 0 0 0 −y(T 23 )y(T 12 )
y(T 13 )
0
Table 8: The Riemann curvature G(
i
j
)(k
l
)(m
l
)(p
q
) of the type (1, 1, 1, 1) with
y([T ij , T
k
l ]) 6= 0.
(1
2
)(2
1
) (1
3
)(3
1
) (2
3
)(3
2
)
(1
2
)(2
1
) 2y(T 12 ) y(T 12 ) −y(T
2
3 )y(T
1
2 )
y(T 13 )
(1
3
)(3
1
) y(T 12 ) 2y(T 13 ) y(T 23 )
(2
3
)(3
2
) −y(T 23 )y(T 12 )
y(T 13 )
y(T 23 ) 2y(T
2
3 )
Table 9: The Riemann curvature G(
i
j
)( j
i
)(k
l
)( l
k
) of the type (1, 1, 1, 1).
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( cd
1
)( 2
ef
) ( cd
1
)( 3
ef
) ( cd
2
)( 3
ef
)
( 1
a
)( b
2
)
−δbaδcdefy(Ecd1 )
−δ b
[e
δc d
f ]a
y(Ecd
1
)y(E
ef
2
)
y(Ea)
0 0
( 1
a
)( b
3
) 0
−δbaδcdefy(Ecd1 )
−δ b
[e
δc d
f ]a
y(Ecd
1
)y(E
ef
3
)
y(Ea)
0
( 2
a
)( b
3
) 0 0
−δbaδcdefy(Ecd2 )
−δ b
[e
δc d
f ]a
y(Ecd
2
)y(E
ef
3
)
y(Ea)
Table 10: The Riemann curvature G(
i
a
)( b
j
)( cd
i
)( j
ef
) of the type (5∗, 5, 10, 10∗)
with i < j.
( cd
2
)( 1
ef
) ( cd
3
)( 1
ef
) ( cd
3
)( 2
ef
)
( 2
a
)( b
1
)
−δbaδcdefy(Ecd1 )
−δ b
[e
δc d
f ]a
y(Ecd
2
)y(E
ef
1
)
y(Ea)
0 0
( 3
a
)( b
1
) 0
−δbaδcdefy(Ecd1 )
−δ b
[e
δc d
f ]a
y(Ecd
3
)y(E
ef
1
)
y(Ea)
0
( 3
a
)( b
2
) 0 0
−δbaδcdefy(Ecd2 )
−δ b
[e
δc d
f ]a
y(Ecd
3
)y(E
ef
2
)
y(Ea)
Table 11: The Riemann curvature G(
i
a
)( b
j
)( cd
i
)( j
ef
) of the type (5∗, 5, 10, 10∗)
with i > j.
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( cd
1
)( 1
ef
) ( cd
2
)( 2
ef
) ( cd
3
)( 3
ef
)
( 1
a
)( b
1
) −δ b
[e
δc d
f ]a
y(Ecd1 )y(T
1
a )
y(Ea)
δbcd
aef
y(Ecd2 ) δ
bcd
aef
y(Ecd3 )
( 2
a
)( b
2
) δbcd
aef
y(Ecd1 ) −δ b[eδc df ]a
y(Ecd
2
)y(T2a )
y(Ea)
δbcd
aef
y(Ecd3 )
( 3
a
)( b
3
) δbcd
aef
y(Ecd1 ) δ
bcd
aef
y(Ecd2 ) −δ b[eδc df ]a
y(Ecd3 )y(T
3
a )
y(Ea)
Table 12: The Riemann curvature G(
i
a
)( b
i
)( cd
k
)( k
ef
) of the type (5∗, 5, 10, 10∗).
( 1
a
)( b
2
) ( 1
a
)( b
3
) ( 2
a
)( b
3
) ( 2
a
)( b
1
) ( 3
a
)( b
1
) ( 3
a
)( b
2
)
(1
2
)(3
1
) 0 0 −δba y(T
3
a )y(T
1
2 )
y(T 1a )
0 0 0
(1
3
)(2
1
) 0 0 0 0 0 −y(T 3a )y(T 12 )
y(T 1a )
(1
3
)(3
2
) 0 0 0 δbay(T 23 ) 0 0
(2
3
)(3
1
) δbay(T 23 ) 0 0 0 0 0
(1
2
)(3
2
) 0 0 0 0 0 0
(2
3
)(2
1
) 0 0 0 0 0 0
Table 13: The Riemann curvature G(
i
j
)(k
l
)(m
a
)( b
n
) of the type (1, 1, 5∗, 5) with
y([T ij , T
k
l ]) 6= 0.
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( 1
a
)( b
1
) ( 2
a
)( b
2
) ( 3
a
)( b
3
)
(1
2
)(2
1
) δbay(T 12 ) −δba y(T
1
2
)(y(T2a )
y(T1a )
0
(1
3
)(3
1
) δbay(T 13 ) 0 −δba y(T
1
3 )y(T
3
a )
y(T1a )
(2
3
)(3
2
) 0 δbay(T 23 ) −δba y(T
2
3
)y(T3a )
y(T2a )
Table 14: The Riemann curvature G(
i
j
)( j
i
)(k
a
)( b
k
) of the type (1, 1, 5∗, 5).
(ab
2
)( 1
cd
) (ab
3
)( 1
cd
) (ab
3
)( 2
cd
) (ab
1
)( 2
cd
) (ab
1
)( 3
cd
) (ab
2
)( 3
cd
)
(1
2
)(3
1
) 0 0 δab
cd
y(T 12 ) 0 0 0
(1
3
)(2
1
) 0 0 0 0 0 δab
cd
y(T 12 )
(1
3
)(3
2
) 0 0 0 −δab
cd
y(Eab
1
)y(T2
3
)
y(Eab
3
)
0 0
(2
3
)(3
1
) −δab
cd
y(Eab
1
)y(T2
3
)
y(Eab
3
)
0 0 0 0 0
(1
2
)(3
2
) 0 0 0 0 0 0
(2
3
)(2
1
) 0 0 0 0 0 0
Table 15: The Riemann curvature G(
i
j
)(k
l
)(ab
n
)(m
cd
) of the type (1, 1, 10, 10∗) with
y([T ij , T
k
l ]) 6= 0.
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(ab
1
)( 1
cd
) (ab
2
)( 2
cd
) (ab
3
)( 3
cd
)
(1
2
)(2
1
) −δab
cd
y(T1
2
)y(Eab
1
)
y(Eab
2
)
δab
cd
y(T 12 ) 0
(1
3
)(3
1
) −δab
cd
y(T1
3
)y(Eab
1
)
y(Eab
3
)
0 δab
cd
y(T 13 )
(2
3
)(3
2
) 0 −δab
cd
y(T2
3
)y(Eab
2
)
y(Eab
3
)
δab
cd
y(T 23 )
Table 16: The Riemann curvature G(
i
j
)( j
i
)(ab
i
)( j
cd
) of the type (1, 1, 10, 10∗).
6 Conclusions
In this paper we have discussed the reducible Ka¨hler coset space G/S⊗{U(1)}k
in the geometrical approach generalizing the arguments in ref.[9]. We have
expressed the Riemann curvature of the coset space in terms of the Killing
vectors as (4.32). It is the most important formula in this paper. We have been
then interested in the four-fermi coupling of the supersymmetric non-linear σ-
model on G/S⊗{U(1)}k, to the leading order of 1
f
. It is given by evaluating the
Riemann curvature at the origin of the coset space. We have established the
group theoretical method to do this by using the formula (4.32). Otherwise
the calculation would be too complicated. Concrete calculations have been
done for SU(3)/{U(1)}2 and E7/SU(5) ⊗ {U(1)}3. The results of the last
Ka¨hler coset space is phenomelogically interesting, since they give four-fermi
coupling constants among the three families of 10 + 5∗ + 1 of SU(5) in the
supersymmetric non-linear σ-model on E7/SU(5) ⊗ {U(1)}3. Among them
those involving the three families of right-handed neutrinos are particularly
interesting and have been given in Tables 8,9,13∼16. The dependence of the
three U(1)-charges of the NG pseudo fermions are explicit in these results. Of
course, we may take another set of U(1)s, say Q1, Q2, Q3, than T,Q,Q′, for
instance, those which remain unbroken in the breaking process
E7
U(1)−→ E6 U(1)−→ SO(10) U(1)−→ SU(5)
as in ref.[5]. The results given by Tables 3∼16 are still valid if one defines the
the Y-charge as
Y = αQ1 + βQ2 + γQ3.
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and replaces Table 2 for y(X i) by a new table with Q1, Q2, Q3. It is desired
to carry out a phenomelogical study by tuning the three arbitrary parameters
α, β, γ.
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Appendix A
We derive the useful formulae for the calculation in Subsection 4.2. We start
with covariantization of the Lie-algebra (2.14):
RAαRBβ;α −RBαRAβ;α = fABCRCβ .
Multiplying both sides by (Rγ∆)
B or (Rγ∆)
B and lower the index β to get
RAα · Rγ∆Rβ,α −RAβ,γ = fABC(Rγ∆)BRCβ , (A.1)
or
RAα · Rγ∆Rβ,α = fABC(Rγ∆)BRCβ , (A.2)
by using (4.23). Noting that
Rγ∆Rβ,α = −Rγ∆,αRβ, (A.3)
and
Rγ∆Rβ,α = −Rγ∆Rα,β = Rγ∆,βRα, (A.4)
by (4.24) and (2.15), we write (A.1) and (A.2) respectively as
RA
β,γ
= −RAα · Rγ∆,αR β − fABC(Rγ∆)BRCβ (A.5)
and
RAα · Rγ∆,βRα = fABC(Rγ∆)BRCβ. (A.6)
Taking the complex conjugation of them gives
RA
γ,β
= −RAα · Rβ∆,αRγ − fABC(Rβ∆)BRCγ (A.7)
and
RAα · Rγ∆,βRα = fABC(Rγ∆)BRCβ. (A.8)
That (A.5) and (A.7) satisfy the Killing condition (2.15) can be easily checked
by (4.17), i.e.,
RAα∆,α +R
Aα∆,α = i[T
A, ∆],
with (TA)BC = −ifABC . Multiplying both sides of (A.6) and (A.8) respectively
by (Rη∆)
A and (Rη∆)
A we get
Rγ∆,βRη = f
ABC(Rγ∆)
ARB
β
(Rη∆)
C (A.9)
and
Rγ∆,βRη = f
ABC(Rγ∆)
ARBβ(Rη∆)
C (A.10)
owing to (4.23).
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Appendix B
We will check the symmetry property Rασβδ = Rαδβσ of the r.h.s. of (4.32).
Put it in the form
Rασβδ = [f
ABC(Rα∆)
A(Rδ∆)
BRCη · fDEF (Rσ∆)D(Rβ∆)ER η
+ fABC(Rα∆)
A(Rσ∆)
BRCη · fDEF (Rδ∆)D(Rβ∆)ERFη]
+ [fABC(Rα∆)
A(Rσ∆)
B · fCDERDβ(Rδ∆)E
− Rα∆,βRη · Rσ∆,δRη], (B.1)
remembering (4.31). The first bracket is already symmetric under the inter-
change of σ and δ. Therefore we are left with the second bracket to exsamine.
The anti-symmetric sum of its first piece by interchanging σ and δ becomes
fABC(Rα∆)
A(Rσ∆)
B · fCDERDβ(Rδ∆)E
−fABC(Rα∆)A(Rδ∆)B · fCDERDβ(Rσ∆)E
= fABC(Rα∆)
ARBβ · fCDE(Rσ∆)D(Rδ∆)E , (B.2)
by using the Jacobi identity of the structure constants (4.15). On the other
hand that of the second piece is given by
(Rσ∆,δRη − Rδ∆,σRη) · Rα∆,βRη
= fABC(Rσ∆)
A(Rδ∆)
B · fCDE(Rα∆)DREβ. (B.3)
This is easily checked as follows. Note at first that
Rσ∆,δRη +Rσ∆Rη,δ = 0,
from (4.24). Then plug (A.7) in this to find
Rσ∆,δRη − Rδ∆,σRη = fABC(Rσ∆)A(Rδ∆)BRCη.
Multiplying both sides by Rα∆,βR
η and using (A.8) yields (B.3). From (B.2)
and (B.3) the second bracket of (B.1) is also symmetric under the interchange
of σ and δ. Thus we have Rασβδ = Rαδβσ.
Next we examine the symmetry property Rασβδ = Rβσαδ. We rewrite the
Riemann curvature (4.29) as
Rασβδ = −(Rα∆),δRη ·Rσ∆,ηRβ
+ fABC(Rα∆)
ARB
δ,β
(Rσ∆)
C (B.4)
− fABC(Rα∆)ARBβ(Rσ∆,δ)C ,
by using the Killing condition (2.15). Then with (A.5),(A.9),(A.10),(4.30) and
(4.31) it becomes
Rασβδ = [f
ABC(Rα∆)
A(Rδ∆)
BRCη · fDEF (Rσ∆)D(Rβ∆)ERFη
+ fABC(Rβ∆)
A(Rδ∆)
BRCη · fDEF (Rσ∆)D(Rα∆)ERFη]
+ [fABC(Rα∆)
A(Rσ∆)
B · fCDE(RDβ∆)REδ
− fABC(Rα∆)ARBβ(Rη∆)C · fDEF (Rσ∆)DREδ(Rη∆)F ]. (B.5)
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The first bracket is symmetric under the interchange of α and β. The symmetry
of the second bracket can be shown similarly to the previous demonstraration
of Rασβδ = Rαδβσ.
Appendix C
We show how to evaluate the Riemann curvature G(
ab
j
)( i
cd
)( ef
l
)( k
gh
) of the type
(10, 10∗, 10, 10∗) by (5.3) and (5.13). For i > j we have y([Eabj , E
i
cd]) < 0. By
(5.8) non-trivial components of the Riemann curvature are
G(
ab
j
)( i
cd
)( ef
i
)( j
gh
) = tr([Eabj , E
i
cd][E
ef
i , E
j
gh])(y(E
ef
i )− y(T ji ))
− tr([Eabj , Eefi ][Eicd, Ejgh])
y(Eefi )y(E
gh
j )
y([Eabj , E
ef
i ])
= δabcdδ
ef
ghy(E
ef
j )− δabefcdgh
y(Eefi )y(E
gh
j )
y([Eabj , E
ef
i ])
.
For i < j we have y([Eabj , E
i
cd]) > 0. By (5.7) non-trivial components of the
Riemann curvature are
G(
ab
j
)( i
cd
)( ef
i
)( j
gh
) = tr([Eabj , E
i
cd][E
ef
i , E
j
gh])y(E
ef
i )
− tr([Eabj , Eefi ][Eicd, Ejgh])
y(Eefi )y(E
gh
j )
y([Eabj , E
ef
i ])
= δabcdδ
ef
ghy(E
ef
i )− δabefcdgh
y(Eefi )y(E
gh
j )
y([Eabj , E
ef
i ])
.
The same result is also obtained by interchanging the indices as
G(
ab
j
)( i
cd
)( ef
i
)( j
gh
) = G(
ef
i
)( j
gh
)ab
j
)( i
cd
)
and calculating it by (5.8). For i = j we have y([Eabj , E
i
cd]) = 0. Non-trivial
components of the Riemann curvature G(
ab
i
)( i
cd
)( ef
k
)( k
gh
) are evaluated by (5.9).
For k < i
G(
ab
i
)( i
cd
)( ef
k
)( k
gh
) = tr([Eabi , E
i
cd][E
ef
k , E
k
gh])y(E
ef
k )
− tr([Eabi , Eefk ][Eicd, Ekgh])
y(Eefk )y(E
gh
k )
y([Eabi , E
ef
k ])
.
By the formula
tr([Eabi , E
i
cd][E
ef
k , E
k
gh]) = −δabefcdgh + δabghδefcd ,
it becomes
G(
ab
i
)( i
cd
)( ef
k
)( k
ef
) = δabghδ
ef
cd y(E
ef
k )− δabefcdgh
y(Eabi )y(E
ef
k )
y([Eabi , E
ef
k ])
.
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For k > i
G(
ab
i
)( i
cd
)( ef
k
)( k
gh
) = δabghδ
ef
cd y(E
ef
i )− δabefcdgh
y(Eabi )y(E
ef
k )
y([Eabi , E
ef
k ])
,
by applying the symmetry property
G(
ab
i
)( i
cd
)( ef
k
)( k
gh
) = G(
ef
k
)( k
gh
)(ab
i
)( i
cd
)
to the above result. Of course this can be obtained by a direct calculation.
Finally for k = i
G(
ab
i
)( i
cd
)( ef
i
)( i
gh
) = tr([Eabi , E
i
cd][E
ef
i , E
i
gh])y(E
ef
i )
= (δabchδ
ef
gd + δ
ab
cgδ
ef
dh + δ
ab
dhδ
ef
cg + δ
ab
gdδ
ef
ch)y(E
ef
i ).
Other types of the Riemann curvature are obtained similarly.
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